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1 Introduction 

In doing hypothesis test in quantum mechanical setting, key part is choice of 
measurement which maps given pair {p, a} of quantum states to a pair {p, q} 
of probabihty distributions. Its inverse operation, or a CPTP map form {p, q} 
to {p, a} is called reverse test, and plays an essential role in characterizing 
largest monotone quantum analogue of relative entropy [2] [8]. In this paper, we 
exploit the same line of argument in studying quantum analogues of affinity, 
or classical fidelity F {p, q) — ^Jp {x)^Jq {x), and more generalized fidelity 
Ff (p, q) := p {x) f {q (x) jp (x)), where / is an operator monotone function 
on [0,00). (For example, f (t) = x" (0 < a < 1.) 

In the paper, based on reverse test, we define Fmin {p,o'), which turns out 
to equal tr p\/ p^^/^ap^^/^ . This quantity is monotone increasing by the ap- 
plication of TPCP maps, and in fact is the smallest one among the numbers 
satisfying these properties, while F {p, a) is the largest. It is also proved that 
^inin satisfies strong joint concavity using reverse test. 

For generalized fidelity, we also introduce F™'" (p, a) in the similar manner, 
which turns out to equal tr pf (p~^/^crp~^/^) . Again, this quantity is monotone 
increasing and is the smallest one among the numbers satisfying these properties. 
Joint concavity of F™™ [p, a) is also proved using reverse test. 

It is known that fidelity between infinitesimally different states gives rise to 
SLD Fisher information metric J'^, or the smallest monotone metric, and that 
cos~^ F (p, (t) equals the integral of along the geodesic, or the curve which 
minimize the integral, connecting p and tr. 

Correspondingly, i<"min (p, cr) gives rise to RLD Fisher information metric J^ , 
or the largest monotone metric. However, the integral of RLD Fisher informa- 
tion metric along the geodesic does not equal cos~^ -fmin {p-, f)- In fact, cosine 
of the integral, denoted by F^ {p,a), is another monotone quantum analogue 
of classical fidelity, and is the smallest one among those which satisfy triangle 
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inequality. On the other hand, -Fmin {p, cr) is the integral of RLD Fisher in- 
formation along the curve which minimize the integral for all the curves with 
commutative RLD. 

An upper and a lower bound of the quantum statistical distance A (/?, a) = 
5 Hp — C7||^ using F {p, a) is one of notable feature of this quantity. It turns out 
that Fmin (p, cr) gives analogous bounds of A^ax {p,(^), which is another quan- 
tum version of statistical distance A{p,q) = 5 — q\\i, defined using reverse 
test. 

2 Classical fidelity and fidelity 

We consider probability distributions over finite set X with \X\ = d' , and quan- 
tum states <S {H) over (i-dimensional Hilbert space H. Define classical and 
quantum fidelity F by 

F{p,q) 
F{p,ct) 



Known facts about them are 
F{p,a) 

where M (p) is the probability distribution of measurement M applied to 
P- 

F{p,<j)=trW^pW,, (2) 
where Wp and Wcr are d x d matrices with 

WpW^p = p,W„Wl=a, 
WjW^ = WlWp>Q. 

• Given parameterized family {pt\ and {pj}, define Fisher information Jt 
and symmetric logarithmic derivative (SLD) Fisher information Jf by 

Jt ■■ = ^ ik {x)f pt {x) , 
xex 

Jf : =tr(Lf)%„ 



J2 \/pix}^/q{xj, 



xex 



= max tr s/p\fa\] 

f7:unitary 



= tr \j y/ap\/a. 



min F{M{p),M{a)) (1) 

M :measurement 
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where It, called logarithmic derivative, is defined by It (x) := ^ log pi (x), 
and if, called symmetric logarithmic derivative (SLD), is a solution to a 
linear equation 



Then, 



F{pt,pt+e) = 1 - ^Jte^ + (e^) , 
F{Pt,Pt+e) = l-ljt^e^+o{e^), 



and 



F{p,q) = cosniini / ^/Ttdt, (3) 
^ Jc 

F{p,a) = cos nun i f ^/Jfdt, (4) 

J c 

where minimum is taken for all the paths with po = p, pi = q, and pg = P> 
Pi = a, respectively. 

• (symmetry) 

F{p,a) = F{a,p). 

• (Monotonicity) 

F{p,a)<F{A{p),A{a)). (5) 

• (triangle inequality) 

cos"^F(p,cr) < cos"^F(p,r) +cos"^F(t,ct), (6) 
Fip,a) > 2F{p,T)FiT,a)-l. (7) 

• (strong joint concavity) 

\vey yay J yay 

• (Multiplicativity) 

F(p»",CT®") =F(p,a)" 
In the paper, we consider quantities satisfying: 
(N) F^ {p, q) = F {p, q), for all the probability distributions p, q. 
(M) FQ{p,a)<FQ{K{p),K{a)) 
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3 Another quantum analogue of classical fidelity 

A triplet g}) of a CPTP map $ and probability distributions p, q over 

the set A" (I A" I = d') with 

* (p) = p, $ (g) = CT, (9) 

is called reverse test of {p, cr}. A reverse test ($,{^1,(7}) with © is said to be 
minimal satisfying when \X\ = d = dimH. Define 

Fn^\n (p, <y) raax F (p, g) . (10) 

(*,{p,g}):|9ll 

Theorem 1 Suppose {p, q) (N) and (M). Then, F^^n (p, o-) < F'^ (p, cr) < 
F{p,a). Also, -Fmin (PjCt) satisfies (N) and (M). 

Proof. Let M be a measurement achieving the minimum of ([l}. Then, 
F<^{p,a) < fQ{M{p),M{<j)) ^ F{M{p),M{a)) 

(M) (N) 

= Fip,a). 

Let $ be a CPTP map achieving the maximum of (flUl) . Then 

F« (p, a) F« ($ (p) , $ (g)) > ^^'J (p, q) = i^^ (p, g) 

(M) (N) 

= Fmin (p, cr) . 

Obviously, Fmin (p, q) > F (p, g). Also, for any p', g' with p = $ (p'), g = $ (g'), 
(p', q') < F (p, g), by ©. Therefore, F^in (p, q) < F (p, g), and we have (N). 
That Fmin satisfies (M) is proved as follows. 

F„,i„ (A (p) , A (a)) = max {F (p, g) ; $: CPTP, $ (p) = A (p) , $ (g) - A (a)} 
> max {F (p, g) ; $ = o A, (p) p, $' (g) = cr} 
= max {F (p, g) ; (p) = p, (g) = ct} 
= ^liiin (p, cr) . 

■ 

Theorem 2 Suppose p and a are strictly positive. Then, 

Fnun (P, <J) = tr pVp-l/2ap-l/2, 

and the maximum of ilU\) is achieved by any minimal reverse test ($, {p, g}). 
The proof will be given later. 
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Remark 3 Using geometric mean 

Fmin {p, <J) = tr . (11) 

Hence, the well-known property of # 

A{p) #A (a)> A(p#a) 
immediately implies that i^min satisfies (M). 

Remark 4 In minimization ofT>{p\\q) :— X^xeA' P l-^) over all 

the reverse tests (<J>, {p, g}) is considered, and it is shown that the minimum is 
achieved also by any minimal reverse test. 

4 Listing all reverse tests 

In this section, to solve maximization (jlOp. we give full characterization of all 
reverse tests ($, {p, q]) of {p, ct} with $ {S^) being a pure state, where 5^^ (x) 
denotes a probability distribution concentrated at x = {x, xq e X). 
The reason for such a restriction to be made is as follows. If 

* i^x) ^ P^^^S {y\x) \ip^y) {ip^y \ , 

let a CPTP map from probability distributions over X x y to S {%) such 
that 

= Wxy){Vxy\- 

Then if $ (p) = p and $ (q) = cr, $' (p') = p and $' (g') = ct, where 

p' {x, y)^p (x) s {y\x) , q' {x, y) ^ q {y) s {y\x) . 

Hence, is a reverse test of {p, u} with $ ((5x) being a pure state, 

and p = VPi {p'), q = '^i {q'), where 4'i is taking marginal over y. Hence, 
F (p.q) > F {p', q'). Also, observe p' — ^'2 (p), q' = ^2 (?), where 

^2 '■ r (x) r (x) s {y\x) . 

Therefore, after all, 

Fip.q)^Fip',q'). 

Therefore, we can replace $ by 

Below, we indicate $ by a matrix N, whose xth column vector is with 
I'Px) {'Px\ — *^ k^x^- Then the condition (|9]) is rewritten as 

^V{^)\^x) ^Vx\ = P^^(l{x)\Vx) ^Vx\ =0- (12) 

xS-V x^X 

Here note in general, d! can be larger than d = dimH. 
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Lemma 5 WW^ — P if and only if 
with U being isometry, UW — 1. 

Proof. We only have to show 'only if. Suppose WW'' — p. Then, lettmg 
y/p~^ be the (Moore-Penrose) generalized inverse of y/p, we have 

where P is the projector on the support of p. Observe 

{l-P)W ((1 - P) W)^ = (1 - P) p (1 - P) = 

implies 

(1-P)VK = 

Therefore, 

Let U' be a partial isometry from kcr (^/p^^VF)^ to kerp, 

u = ^^^W®U' 

satisfies the requirement. Hence, we have the assertion. ■ 

In the reminder of the section, we suppose p > 0. Let Dp and Dq be 



Dp = Vdiag (pi,--- ,Pd'), Dq = v/diag(g^~^~qdO- 
Then, by (US), NDp {NDp)^ = p and NDq {NDq)^ = a. Also, 



T := V/9-1/2CTP-1/2 (> 0) 

satisfies {^/pT) {^T)'^ = o. Therefore, 

{^p^\V^ NDp, [^T 0] C/ = NDp, 
for some U G U {%'), dimH' = d! . Then, 

NDqDpN'^ = [^TO]UV'' 
= ^/p^AVp>0, 
where, with P being the projector onto H, A — PUV'^P. Therefore, 

TA = Atp > 0. 



VP 




(13) 



(14) 



(15) 



(16) 
(17) 
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Also, by (US]), 



[Vp 0] V {d;'d,) 



iVpT 0] UV^ 



TA TA' 
A'^fT C 



where A' : 



PU (1 - P) and C > 0. If C > satisfy 



kerTA' C kerC, {TAy^'^ [TA') C^^^^ < 1 



(18) 



we have 



TA TA' 

A'^^T C 



> 0. 



(19) 



Note {A; \\A\\ < 1} is identical to the totality of matrices with the form 
A = PUP, where U €\J {W), UcW, diiaW = d' and P is the projector onto 
H . Then, a reverse test can be composed as indecated in the following (i)-(v): 

(i) Choose A e {A; \\A\\ < 1} with P7|. 

(ii) Compose A' such that [A A'] is isometry. 

(iii) Let f as of HH), V is diagonalize it :f = VDV''. 

(vi) Define \(p^) {x £ X) as the normalized column vectors of [.ypOjF. 

Finally, p {x) and q {x) is the square of the magnitude of the xth column 
vector of [i/pO]y and [y^TA y/pT^'] , respectively, p and q are obtained also 
as follows. Define p',a-' e S {%') by 



and let the measurement M be projectors onto eigenspaces of T. Then, p = 
M (p') and M — (cr'). So, the last step of the composition is: 

(v) Let p — M {p') and q — M (cr'), where M is the projectors onto eigenspaces 



of T. 



5 Proof of Theorem[2] 



Proof, of Theoremlll By (HH), ■ 



tr^pTA^p 



= tvNDqDpN'' 

= tTDqN''NDp 

= tr DqDp, 
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where the last identity is due to (^N^N) .. = 1. On the other hand, P7)) imphes, 

rj.2 _ _ j^^^ij. ^y^t) T>0. (20) 

where the last inequality is due to ||^|| < 1. Since \/t is operator monotone, 

TA < T. 

Therefore, 

^^min (p, cr) = max \/p{x)q (x) 



= tr DqDp 

- ti- ^TAy^ 

< tr yfpT^ 



— tr p\/ p ^I'^ap ^Z"^. 

The inequality is achieved when A = \, which corresponds to minimal reverse 
tests. 



6 Seeing from 'behind' 

By Theorem!!,, 

F^-^,,[p,a) = tvWpWl 
where Wp ^ and Wa :— ~JpT ■, with T being as of (ITU) . Observe 

WpWl = w^wl 

Therefore, by ([2]), we have 

i^min(p,a)=F(p',a'), (21) 

where 

p' wlWp = p, a' W^W^ - TpT. 
A meaning of ([21]) is given in the sequel. Letting 

d d 



i=l xGX i=l xGX 

define 

i=l aSA' i=l kSAT 



Then, one can easily check 



P = trn'\Wp){Wp\, a:=tTn'\W„){W„\ 
p' - trH\Wp){Wp\, a' = tvH\Wa){W„\ 

hold. Hence, Fmin (p, cr) equals fidelity of 'hidden' part of the purification of p 

and a. 

7 Fniin for pure states 

Any reverse test (<I>, {p, q\) of {p, \ip)} is in the following form: 

^(^x) = x& suppg, 

p = $(p)=c|^)(^|+ (22) 

a;^supp q 

where c := X^^esuppg Therefore, by monotonicity of Fidelity by CPTP 

maps, 

\/p{x)q{x) < \/c • 1 + \/c • = \/c, 
and the inequality is achieved by the following q [x) and p (x): 

<l{x) = 5a:a-,p{x) = cS^^o {x € SUppg), 

where xq is a point in supp q. 

Therefore, we maximize c with p — c\ip) > 0, or equivalently, if |</5) G 
suppp, 

l-cp-V2|<^) (<p|p-V2>o. 
Therefore, if |(^) e suppp. 

In case |<^) ^ supp p, the maximum of c with p — c |y) ((^| > is zero, and 

i^min (p,|^))=0. 

In particular, 

i^min (1^) , b)) = 0. (23) 
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8 Properties of Fmin 

Proposition 6 .Fmin {p, c) does not satisfy triangle inequalities: there is p, a, 
and T with 

COS~^ Fmin (P, 0-) > COS"^ Fmin (P,t) + COS"^ F,„in (t,ct) , 
{p,a) < 2Fmi„(p,T)Fmin(r,C7) - 1. 

Proof. We let 

P = IV') (V'l ,cr = (<p| , 



COS ■ 

sin T 



|cos 5I + |sin II 



cos 2 

— sin \ 



cos : 



sin i 



Then, 



i^mindV),!'/')) = 0, 

-Fmin (IV'), t) = Fmin{\v),T) = j—j 



1 



cos 1 1 + jsin 1 1 



Hence, letting be small enough, we have asserted inequalities. (In fact, the 
inequality is satisfied all 6 lying between and |.) ■ 

Proposition 7 F^in {p, a) = F^in {a, p), F^in (p®", a®") = F^in (p, a)". 

Proof. Trivial by definition. ■ 

Theorem 8 (Strong concavity) 



i^min X] ^yPy' X! N'^y - V^Mj/^min (Pj;,^^) 

\yey yey J yey 
Proof. Let {^y,{Py,qy}) be a reverse test of {Py,<7y} with 

F{Py,(ly) = Fmin {Py,(^y) , 

where Py, Qy are probability distributions over X with \X\ = dl = d (minimal). 
Define Py,, (.T, y) := Py„ {x) 5y^ (y), qy„ {x, y) = qy„ {x) 5y„ {y), and $ := 
$y ((5^). Then, 

^ (%o ) = H ^2") ^yo^y) ^y )=Pyo' 
xex,yey 



^(Qyo) 



'yot 



F{Pyo,Qyo) = \JPyA^)%oix)5y„{y) 
xex,yey 

~ F {Pyoi Qyo) ~ Fmin {pygi Cj/o) • 
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Therefore, 

yey yey 

VaGJ' y63^ / \ \yey J \yey 

= -Fmin ^yPy^ Py^y ' 
Xy^y y(^y ) 

where the second hne is due to ([8]) for classical fidehty, and the third and the 
fourth hne is due to (N) and (M), respectively. ■ 

Remark 9 Alternative proof is given using 111]) and the following property of 
A^C + B^D <(A + B)#{C + D). 



9 Generalization to Ff 

As noted before, both of the minimum of D {p\\q) and the maximum of F (j), q) 
are achieved by minimal ones. This section tries generalization of 

Let / be operator monotone function on [0,cxi). Then one can define 



p{x) 



An example is f {t) ^ t" {0 < a < 1), 

Note ^ 

D (p\ \q) = lim In (p, q) . 

a^l 1 — a 

Thus, this family interpolates between D(p||q) and F{p,q). 
Their quantum analogue is defined as follows. 

Ff-{p,<j) = m&xFf{p,q) 

here the maximum is taken over all the reverse tests ($, {p, q}) of {p, a}. 

Theorem 10 // F^ {p, a) satisfies F^ {p, q) — Ff {p, q) for all probability dis- 
tributions p,q, and monotone increasing by any CPTP map, 

Ff^ {p,a)<Ff{p,a). 
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Proof. Almost parallel with the proof of Theorem[Tl thus omitted. ■ 
Theorem 11 

Ff"^ (Apo + (1 - A) pi, Aao + (1 - A) a,) > Ai^™ (Po,<^o) + (l - A) i^™ (Pi'^i) • 

Proof. Almost parallel with the proof of Theorem[8l thus omitted. ■ 
Also, we define 

F}ip,a) trp^/(T2)p^, 

where T is as of [HI 

Due to the main result (the equation (3.8) ) of [1], one find an operator 
connection t] with 

p5/(T2)p5 ^p^a (p>0), 

thus 

F}ip,a) = tTp[\a (p>0). 
Any operator connection t] satisfies 

S {A[\B) S"^ < {SAS'') \\ (SBS^) , 
A^B + C^D < {A + C)^{B + D), 

(see Theorem 3.5 of 1 ) which implies 

A(A^S) <AiA) \\AiB), 

for any TP CP map A. This implies 

i^;.(A(p),A(a))>F;(p,a). 

Since (p, q) = F {p, q), by TheoremfTOl 

Ff"^{p,a)<F'f{p,a). (24) 

Theorem 12 Suppose p > 0. Then, 

Ff^ {p,<j)^F'f{p,<j). 

Moreover, this number is achieved by any minimal reverse test. 

Proof. By (|24p . we only have to show '>'. Let ($, {p, q}) be a minimal reverse 
test. Then, by the argument in SectionlH p ~ M {p) and q — M (TpT), where 
M is the projectors onto the eigenvectors {jej;)} of T = T = J2xex Ax \^x) {^xl, 

p (x) = {ex\p \ex) , g (a;) = A^ (e^| p \ex) ■ 

Therefore, 

Ff^{p,a) = E(e.|p|e.)/(A^) 

xex 



= Y,{ex\pf{T^)\ex)^F'fip,a). 



x£X 



Therefore, we have Ff (p, a) > F^ (p, a), and the proof is complete. 
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10 RLD Fisher information and tangent reverse 
estimation 

Given a parameterized family {p^}, we define right logarithmic derivative (RLD) 
Fisher information J/* by 

j/^:=tr (Lf)^L,V 

where is called right logarithmic derivative and is the unique solution to the 
linear equation 

dt 

(Lf exists if and only if supp ^ C supppj.) 

A triplet (j^,pt, is said to be tangent reverse estimation of at t if it 
satisfies 

With A {Sx) = \<Px) (</?xl' ^6 have 

xex' 

di 1*^^^^^^! dt dt' 



where N = \\ip-^) , • • • , and Pt = diag {pt (1) , • • • ("^O)- When d' = d = 
dim^, we say the tangent reverse estimation is minimal. It is known that 

Jt =■ min Jp,, 

where the minimum is taken for all the tangent reverse estimation of p^ at t. 
It is also known that the minimum is achieved by any minimal tangent reverse 
estimation, and RLD satisfies 

Lf = NLtN-^ (25) 
with Lt = diag {k (1) , • • • , (d)) and k = 

11 Fmin, RLD Fisher information and the short- 
est distance 

Consider a smooth curve {p^}■ Suppose {p^} is lying interior of S {H) we have 
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Fmin {Pt^ Pt+e) 



, , -1/2 -1/2 

^"^PtX^Pt Pt+ePt 



. I-, , -1/2 dPt -1/2 , £^ ~1/2<P Pt -1/2 , 3\ 

ti Pt\ll + ept —pt +^Pt -^Pt 

e -1/2 -1/2 £^ -l/2d2p4 -1/2 1 / -1/2 dpj -1/2 



dt2 



dt 



Pt 



OU 



To evaluate the O (e'^)-term above, we compute j^Fmin iPf>Ps) ^^'^ sequel. 
Abbreviate Xt^s ■= Pt ^^^Pt+sPt (> 0): ^-iid define ^t,s, Bt^s, and Ct^^ by 



They are determined by comparing the both ends of 



2 ds2 " ' 3! ds3 



-^t,sH — ^ £ 

as 

and thus 



At,s\/ Xt^s + V^^M^t.s 



dX, 



ds ' 
1 d^Xt 



Bt,s\/ Xt^s + V Xt^sBt^s ~ 

Ct^s\fXt^s + \l Xt^sCt^s 



2 ds2 
1 d^Xt,, 
3! ds3 



Since ^ Xt^a > 0, the first equation determines At^s uniquely, and by Theo- 
rem VII.2.12 of [2], 



sup |lAf,^|| < \\Xt.s 

t<s<t+e 



-1/2 



dXt,s 



ds 



Then the second and third equality determines Bt^s and Ct^s uniquely, and 



sup \\Bt.A\ < fi[\\Pth 

t<s<t+e 

sup \\CtA < /2(I|PJ, 
t<s<t+e 



dPs 



ds 
dPs 



d'Ps 



ds2 

d'Ps 



where /i, /2 is a continuous function. Therefore, 
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-Fmin {Pt I Pt+e 



< TT sup 

^ t<s<t+e 



ds2 



^^min (Pt,Ps) 



< — sup \tr Bt,sPt\ 
^ t<s<t+e 



< -77 sup /i ( IIpJ 

^ t<s<t+e 



and 



t<s<t+e 



ds2 



^3 -Tmin (Pt, Ps) 



— sup |trCt,sPt| 

t<s<t+e 



< "H" sup /2 

t<s<t+e 



\Pt\ 



dPs 



ds 



d'Ps 



ds2 



Let us define 



Fji {p, (t) := cos ^ini,n y \/^dt^ , 



(16) 



(27) 



where minimization is taken over all the smooth paths connecting p and a. Ob- 
viously, Fr (p,(t) satisfies (N) and (M), and a triangle inequality ©. Therefore 
we have: 

Proposition 13 

{p, cr) < ^J?. (p, 0-) < F (p, (t) , 
and -Ffniii (p, a) does not coincide with Fji [p, a). 

Proof. Since Fr (p, cr) satisfies (N) and (M), the first assertion is obtained by 
Theorem[TJ Since Flnin does not satisfy ([6]) while Fji (p, a) does, we have the 
second assertion. ■ 



Theorem 14 



F,„i„ (p, cr) = cos ^min ^ ^ , 



(28) 



where minimization is taken over all the smooth paths C ~ {Pt\ with Pq = p 
and pi = a, with [if, if] 0, < Vs, t < 1. 

Proof, [if, Lf] = and ([25]) imply if = NLtN-^,\/t, where Lt is a diagonal 
real matrix and the column vectors [(p^,) (x — 1,- • • ,(i') of A'^ are normalized. 
Define Po ^"Vo (^^) ^ then 
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Therefore, LqPq is Hermitian, and Pq is also diagonal. 
Therefore, 

= NPtN\ < Vt < 1, 

where Pt is a real diagonal matrix. Writing the xth diagonal element of Pt 
as pt{x), Ylti^iPti^) ~ 1' ^'^^ t\ms pt{x) is a probability distribution over 
{1, • • • , d}. One can check that Lt is the logarithmic derivative of pt, and that 
= Jpj . Therefore, 



cos 



(mini ( .[j^dt 



cos mm — 
\ c 2 



where the minimum is taken over all the smooth curves C — {pt} in probability 
distributions connecting pq and pi. By ([3]), the LHS equals cos~^ F {po,pi). 

Define ^{Sx) = \'fx){'Px\^ then ($,{po,Pi}) is a minimal reverse test of 
{p,a}. Therefore, cos~^ F (po,Pi) equals cos~^ Fmin (p, cr), and we have the 
assertion. ■ 

Theorem 15 Suppose that F'^ {p,a) satisfies (M), (N), and 
cos"^ F {p, a) < cos"^ F {p, r) + cos"^ F (t, a) . 

Then, 

Fr [p, a) < F-Q [p, a)<F {p, a) . 

Proof. We only have to show the lowerbound. Since any bounded and closed 
subset of interior of S (Ji) is compact, there is the unique shortest Riemanian 
geodesic C — {pt} with respect to RLD Fisher information metric connecting 
any p^ = p > and = ct > (see Theorem 1.7.1 of Then, by ([6|), 



l/e-l 

COS-' FQ{p,a) < ^ cos-iF'3(p,,,p(,^.i 

fc=0 

< ^ COS-^Fmin 
fc=0 

where the second line is due to Theorem[TJ By elementary calculus, one can 
verify 

cos^i F < ^2(1- F) (^l + i(l-F)^, (0 < F < 1). (29) 
Due to the smoothness of geodesic, (^5]) . and ([^. letting 



fi,t,s • — fi 



\Pt\ 



<iPs 
ds 



ds2 



(«-l,2), 
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we have 



l/e-l 

k=0 
1/e-l 



k=Q 

1/e-l 



fc=0 



3 ^ sup fi,t.se\ll 



ke<s<{k+l)6 



12 



sup /2 

fee<s<(fc+l)e 



fc=0 

l/£-l 



4 1 



\ V 3 [jRf^^ ke<s<{k+l)e 



sup /i^t,s£ 1 + t;^ sup /; 



12 



2,t,s 



fce<s<(fc+l)£ 



fc=0 



where 



4 1 



t,s,t',s',u^[o,l] 



- 1 < oo. 



Here, taking e — > 0, we have the assertion. 



12 Differential equation for shortest paths 

In this section, a differential equation satisfied by the geodesic, or the path 
achieving the minimum in ([27|) is derived, supposing that Pf is an invertible 
matrix. Let 

Taking t proportional to arc length, this is equivalent to finding the extremal 
of < \/ — Xt (tr/9( — 1) > dt 4 . Then, letting {Xt} be an arbitrary smooth 
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curve with Xq = Xi = 0, 



- ^ , dp, dXf , 



de 



e=0 



t=o 



Hence, we have 



Lft) -Lf Lf + At = 



(30) 



where the first identity is by Jj =1. In the sequel, the fohowing identity is 
used frequently. 



Multiplying p and taking trace of both ends of pop , 



(31) 



d / 



Lt+Lt 



fit 



1 + At = 0, 



where we used Jj^ = 1, (|3T]) . and trpjif = trp^Lf^ = tr = 0. Observe 



d / 



dt 



dpt 



dt 



-tr i^p,Lf^Lf + Lfp,L 



Therefore, At 



-1, and we obtain 



d_ 

dt 



LfLf + 1 = 0, 



(32) 



which gives only determines time derivative of only Hermitian part of . Ob- 
viously, we need another equation. By ((3T|) . we have 



dPt 

dt ' 



fit 



dL 



Pt- 



.fldpt , dLf 



Pf 



Observing 



we obtain 



At 



't r«t 



dt ' 



dL 



fit 



dt 



dif 
di 



-Pt> 



18 



and 



P^^ + ^P*+PtLt'L^ + Pt = 0- (33) 



and 



dt 

determine time evolution of . 

The differential equation satisfied by the curve achieving minimum in ^ is 
derived by applying these to commutative case, 

2^ + ikf + 1^0,^=kp,. (34) 



From these, the differential equation for the curve achieving minimum in psp 
is derived as follows. Along the curve, we should have 

Lf' = NLtN~\pt^N{Dt)^N\ 

where {Dtf = diag {pt (1) , • • -pt (d)), Lt = diag {k (1) , • • • /f (d)). Since i^min {Pq, Pi) 
F{pq,pi), {pt,lt) should satisfy Therefore, dynamics of {pf,L^) is deter- 

mined by 

2^ + (Lf)%l = 0, ^=Lfp,. (35) 

13 Another quantum analogy of statistical dis- 
tance 

Statistical distance A {p, q) is defined by 
Its frequently used quantum analogy is 

and also called statistical distance. Known facts about them are [?|[5][5][5]|llj: 



A(p,ct)= max A (M (p) , M (cr)) . 

J\/ : measurement 

• (Monotonicity by CPTP maps) If A is a CPTP map, 

A(A(p),A(a))< A(p,a) 

• (Joint convexity) 

A (Apo + (1 - A) pi. Aero + (1 - A) cTi) < AA (pg, ao) + (1 - A) A (pi, (Ti) 
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• (Triangle inequality) 

A(p,(7) < A(p,r) + A(r,a) 

• With D (pI |cr) :— tr p (In p — In cr) being relative entropy, 



1-Fip,<j) < Aip,a)<yjl-F{p,af, (36) 
D{p\\a) > lA{p,af. (37) 

Here we introduce a new quantum analogue of statistical distance is: 
Amax {p, f^) , , , , min ^ A{p,q). 

($,{p,g}):rcvcrsc test of {p,(t} 

Theorem 16 Suppose A'^ (p. cr) satisfies monotonicity by CPTP maps and 
A'^ {p. q) = A (p, q) for any probability distributions p, q. Then 

A(p,a)<AQ (p,a)< 

j4/so, Ainax is monotone by CPTP maps and Amin {p,q) — A {p,q). 

Proof. Almost parallel with the proof of Theorem[Tl thus omitted. ■ 

Theorem 17 Defining (p||o") := tr pin y/pcr^^y/p, 

Amax (Apo + (1 - A) Pi, A(To + (1 - A) CTl) < A Amax (Po , CTq) + (1 - A) Amax (Pi ■ 

1 - -Flnin (P, cr) < A^ax (p, c) < 1 - Fmin (P,^)^, 

D«(p||a) > iA,„a.(p,a)^ 

Proof. The proof of ([55]) is almost parallel with the one of Theorem[Sl thus 
omitted. To prove the first inequality of (j39l) . consider the optimal reverse test 
with A {p, q) — Amax (p, o"). Then, by we have 

Amax (p, d) = A (p, gr) > 1 - F {p, q) , 

On the other hand, by definition of Fmin , l — F{p,q) > 1 — i^max (p, cr). After all, 
we have Amax (p, cr) > 1 — Fmin (p, cr) . The second inequality of ([39l) and (j40l) 
are proved almost parallelly,recalling the following characterization of D''^ (p||cr) 
(Theorem 2.4 in 0): 

(p||a) = minD(p||q), 

where minimum is taken over all the reverse test ($, {p, q]) of {p, cr}. ■ 
It follows from ^ and ^ that 

Amax(|<^),|V')) = l, 

for all Another consequence of (|39|) is: 
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Proposition 18 The triangle inequality for Amax does not hold, i.e., there is 
p, a, and r with 

A,„ax {P, Cr) > Amax (p, t) + A,„ax (t, ct) . 

Proof. Let p and cr be as of the proof of Proposition[51 Then, 

Amax(p,Cr) = 1, 



Amax (P, t) + Aniax (t, ct) < 




Hence, making 9 close enough to 0, we have the assertion. ■ 

In general, A^ax (p, cr) is hard to compute. But when cr = \ip) {ip\, one can 
compute the number as follows. Any reverse test (<&, {p, q}) of {p, \ (p)} is in the 
form of m- Then, with c E.esupp, P (a^)' 

Ib-^lli > ^|c-l| + i|(l-c)-0| = l-c, 

where the inequality is due to monotonicity of \\-\\i, and is achieved by p (x) = 
cq{x){ X € suppg). Therefore, to minimize — (/Hj^, one has to maximize c, 
which can be any positive number satisfying p ~ c\ip) {ip\ > 0, or equivalently, 

l-cp-l/2|<^) (^|p-V2>0. 

Therefore, 

A,nax (P, 1^)) = 1 - „ .,2 = l-F{p, . 

\\p |^)|| 

Also, by the argument in Section , we have the following upperbound to A^ax [p, cr)- 

A„,ax (p, ^t) < A {M (p) , M (TpT)) < A {p, TpT) , 

where T is as of (IT4l) . and M is the projectors onto eigenspaces of T. (Note the 
left most end is upperbounded by 

^l-F{p, TpTf = \jl- Fmin (P, (t)\ 

and gives a better bound than ((5^ .) 

14 Discussions 

^min introduced in this paper resembles g-quasi relative entropy |10) 
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where g is operator convex function (thus, —g is operator monotone ) on [0, oo), 
and 

(A) = aA, Rp (A) ^ Ap. 

For example, with g = 1 — a;^/^, it gives rise to Sa (p, a) :— I — tr p^^°'a" . This 
quantity satisfies 

where 

F™" (p,a) :=trpi/2r2(i-«)pi/2 ^trpi/2 (p-^/Vp-i/^) '""p^/^, 

and the equahty does not hold in general. 

It is interesting that both of the maximum of Ff (p, q) are achieved by min- 
imal reverse tests. Some numerics suggests that this is not the case for the 
minimum of A (p, q). 

An open question is weather Fr satisfies strong joint convexity or not. Also, 
,more explicit formula for Fji and Amax would be, even for some special cases, 
of importance. 
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